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We present a simple construction which exhibits the two non-isomorphic 
triangle-free 3-colored KLds. The construction enables us to clarify the relation 
between these two graphs. fZ 1988 Academic Press. Inc. 
I. INTRODUCTION 
It is known that the largest complete graph which has an edge 2-coloring 
without a monochrome triangle is the K, (the pentagram), and that the 
largest complete graph with a triangle-free 3-coloring is the K,,. We shall 
denote by K&I, q) the pentagram whose periphery bears color p and 
whose diagonals bear color q. A triangle-free 3-colored K,, can be obtained 
by joining together a vertex a0 with K,(O, l), K,(l, 2), and K,(2,0), and 
suitably coloring the new edges. In [3] it was shown that there are exactly 
two non-isomorphic K,,‘s and either of them can be obtained in this way. 
One of these colorings (which we call “untwisted”) was discovered with the 
aid of field theory, and the other (which we call “twisted”) by a computer 
search. Later, Chung [ 1 ] showed that the systematic pattern of connec- 
tions in the untwisted K,, could be generalized, and thus she imposed a 
lower bound on the number of vertices in a maximal triangle-free k-colored 
complete graph, for any k; at present, Chung’s result provides the best 
known lower bound for k = 4, although Fredericksen [2] has found a 
better bound for k = 5. 
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In spite of the special role played by the vertex-v, in Chung’s construc- 
tion, all vertices of the resulting K,, are equivalent. (In fact, all vertices of 
the twisted K,, are equivalent.) While investigating this paradox, we dis- 
covered the constructions of the present paper, which represent each of the 
K,,‘s as an appropriately connected set of four identical K,‘s. These con- 
structions make the symmetry of the resulting graphs obvious, and also 
show how the twisted and untwisted graphs differ. We have some hope that 
these basic K,‘s may be useful building blocks in studying triangle-free 
complete graphs with four or more colors. 
II 
Consider a 3-colored K4 in which every vertex is incident with one edge 
of each color (Fig. 1). Then any two edges without a vertex in common 
must be the same color. Such a graph will be referred to as a tricolored 
tetrahedron or a TCT. This coloring is unique, up to permutations of 
vertices and colors. 
DEFINITION. Two TCT’s, each colored with colors 0, 1, and 2, are said 
to be properly joined with colors i and j if (a) every vertex of each TCT is 
connected to every vertex of the other by an edge of color i or j, and (b) 
the resulting K, has no monochromatic triangles. (It is easy to see that, of 
the four edges which join a vertex of one TCT to the four vertices of the 
other, exactly two must be of color i and two of colorj.) We may also say 
that these two TCT’s are properly joined with supercolor k if k is the color 
not used in joining the TCT’s. Alternately, we may define k by i +j + k = 0, 
where here and elsewhere we interpret all color numbers modulo 3. 
A proper joining of color 2 is shown in Fig. 2 where edges of color i, 
i = 0, 1, 2, are identified by i marks. 
Suppose 4 TCT’s are combined to form a K16 so that each pair of TCT’s 
is properly joined, and each TCT is incident with one proper joining of 
each supercolor. If we view each TCT as a supervertex, and each joining as 
a superedge with supercolor as defined above, then the resulting K,, can be 
represented as a super-TCT. (This pattern is unique, up to permutations of 
TCT’s and supercolors.) ____ -- ----___---------__ “\ ._ 
I .I 
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FIG. 1. A single TCT. 
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FIG. 2. A proper joining. 
LEMMA. A three-colored K,, formed by properly joining four TCT’s to 
form a super-TCT is triangle-free. 
Proof: Of course each TCT is triangle-free. Since each pair of TCT’s is 
properly joined, no monochromatic triangle can exist involving vertices of 
two TCT’s. Any three TCT’s form the supervertices of a triangle with 
superedges of all three colors. Therefore, if three vertices, one from each of 
three distinct TCT’s, are selected, no color could be used on all three 
connecting edges. 
It remains to be shown that there are two non-isomorphic ways of 
making the proper joinings between the TCT’s. 
Remark. Suppose we have two TCT’s, with vertex-sets {a, 6, c, d) and 
(a’, b’, c’, d’}, respectively, and a 1: 1 correspondence between their vertices 
(a++ a’, etc.) such that corresponding edges have the same color. Then 
these TCT’s admit exactly two proper joinings of supercolor i; in one of 
those proper joinings the edges aa’, bb’, cc’, dd’, have color i+ 1, and in the 
other they have color i- 1. 
DEFINITION. We define the sign of a proper joining of supercolor i 
between two TCT’s to be positive if corresponding vertices are joined by 
color i + 1, negatiue if by color i - 1. 
The sign of a superedge depends on the correspondence established 
between vertices of the TCT’s involved. Assuming the obvious correspon- 
dences in Fig. 2 the superedge of color 2 is positive. Further, there are 
exactly three non-trivial color-preserving automorphisms of a TCT, each of 
which swaps two pairs of vertices; whichever supercolor was chosen for the 
superedges, just two of those automorphisms will change the sign of the 
superedge and the third will not. 
NON-ISOMORPHIC TRIANGLE-FREE K,,'S 123 
THEOREM. Among all the K,6’~ which may be constructed as super- 
TCT’s, there are exactly two isomorphism classes. 
Label the vertices of TCT 1 arbitrarily as a, b, c, d. Then label the ver- 
tices of TCT 2 as a’, b’, c’, d’, those of TCT 3 as a”, . . . . d”, and those of 
TCT 4 as a”‘, . . . . d”‘, in such a way that corresponding edges in all TCT’s 
have the same color. Now observe that every color-preserving 
automorphism of the vertices of a TCT changes the sign of exactly two 
superedges, so that the parity of the number of negative joinings does not 
depend on the arbitrary choices made above. Further, the signs of any two 
superedges may be changed (by relabeling vertices of one TCT if the 
superedges share that supervertex, by relabeling vertices of two TCT’s if 
not). Thus there are exactly two non-isomorphic super-TCT’s. 
III. CONCLUDING REMARKS 
Comparison with the two graphs found in [3] shows that the graph 
found by finite field theory is the untwisted super-TCT, which is 
isomorphic to any super-TCT with an even number of positive 
joinings-while the graph found by computer search is the twisted super- 
TCT, which is isomorphic to any super-TCT with an odd number of 
positive joinings. 
It is evident from the definition of a super-TCT that every vertex in 
either of the K,,‘s belongs to a TCT, but we can in fact say much more. 
Examination of the untwisted K,, shows that every edge belongs to exactly 
one TCT; in fact, each TCT belongs to exactly one set of four vertex-dis- 
joint TCT’s. It follows that there are exactly live such sets; any one vertex 
is incident with five edges of any one color, and of course one of these 
edges belongs to each of the five sets of disjoint TCT’s. Thus the four 
TCT’s used in the construction of the untwisted K,, are in no way peculiar; 
they comprise one of these five (exactly isomorphic) sets. 
On the other hand, the twisted K,, contains onZy the four TCT’s which 
were used in its construction. Thus, every vertex of this graph belongs to a 
unique TCT. We see that the 24 edges of the original TCT’s are intrin- 
sically different from the 96 edges added by the construction, because the 
latter do not belong to any TCT. 
These facts allow a triangle-free Scolored K,, to be easily classified as 
being either the twisted or the untwisted graph. We need only choose an 
edge arbitrarily, and check whether it belongs to a TCT; if not, the graph is 
the twisted K,,. Then we choose another edge, having a single vertex in 
common with the TCT already found; if that edge also belongs to a TCT 
the graph is untwisted, and if it does not, the graph is twistetd. 
124 LAYWINE AND MAYBERRY 
REFERENCES 
1. F. R. K. CHUNG, On the Ramsey numbers N(3, 3, . . . . 3; 2). Discrete Maih. 5 j1973), 
317-321. 
2. H. FREDERICKSEN, Schur numbers and the Ramsey numbers N(3,3, . . . . 3; 2). J. Combin. 
Theory Ser. A 21 (1979), 376377. 
3. J. G. KALBFLEISCH AND R. STANTON, On the maximal triangle-free edge-chromatic graphs 
in three colours, J. Combin. Theory 5 (1968), 9-20. 
